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Introduction
We are interested to study some cosmological models in the supersymmetric quantum mechanics scheme. Recently, particular exact solutions to the Wheeler-DeWitt (WDW) equation in Witten's [1] supersymmetric quantum mechanics for all Bianchi Cosmological Class A Models in the Einstein theory were found [2] .
Our goal in this work is to try to solve an ambiguity in the factor ordering of the position and momenta operators and give selection rules that fix the parameter that measures this ambiguity. Such ambiguities always arise, when there are expressions containing the product of non-commuting quantities that depend on q µ and P µ as in our case. It is then necessary to find some criteria to know which factor ordering should be selected. The factor ordering in the semiclassical approximation is irrelevant, but not so in the exact theory. In a previous work [2] the global factor was dropped by hand and the factor ordering ambiguity was avoided when they factorized the WDW equation.
Thus, the idea of Witten [1] is to find the supersymmetric super-charges operators Q,Q that produce a superhamiltonian H ss , and that satisfies the closed superalgebra
where the super-hamiltonian H ss has the following form:
here H 0 is the bosonic Hamiltonian and Σ is known as the super-potential term that is related with the potential term that appears in the bosonic hamiltonian. This idea was applied in reference [2] for all Bianchi type cosmological models. In this approach, the hamiltonian H ss = 1 2 Q 2 is positive semi-definite and a supersymmetric state with Q|Ψ >= 0 is automatically a zero energy ground state. This simplifies the problem of finding supersymmetric ground state because the energy is known a priori and also because the factorization of H ss |Ψ >= 0 into Q|Ψ >= 0, Q|Ψ >= 0 often provides a simple first-order equation for the goround state wave function. The simplicity of this factorization is related to the solubility of certain bosonic hamiltonians. For example, in this work we find for the empty (+) and filled (-) sector of the fermion Fock space zero energy solution
where Σ denotes a superpotential, and Ψ + and Ψ − are the corresponding components for the empty and filled sector in the wave function. We also observe a tendency for supersymmetric vacua to remain close to their semi-classical limits, because in this work and others [2] , the exact solutions (3) are also the lowest-order WKB approximations. This paper is organized in the following way: In Sec. 2, the ADM lagrangian of our model is constructed and also, we propose the known classical solution for this model. In Sec. 3, we derive the corresponding Hamiltonian that allows us to obtain the quantum WDW equation for the FRW cosmological model with matter field. In Sec. 4 we derive the WDW solution in the supersymmetric quantum mechanics approach. Sec. 5 is devoted to conclusions.
ADM Lagrangian formulation
We consider the total lagrangian, where one part is geometry and the other one corresponds to the matter field. We will consider a perfect fluid with barotropic equation of state as our matter field:
where the lagrangian density for geometry is the usual
where R is the Ricci scalar.
Using the metric for FRW:
where N is the lapse function, A is the scale factor of the model, and κ is the curvature index of the universe ( κ = 0, +1, −1 plane, close and open, respectively) The covariant components for the tensor metric are:
and the contravariant components
With these elements, we can calculate the nonzero Christoffel symbols:
The Ricci scalar becomes
We consider a perfect fluid energy-momentum tensor
where p, ρ, U µ are the pressure, energy density and the fourvelocity of the system, respectively. Using the covariance of this tensor:
we obtain the following partial differential equation:
and using the barotropic state function between the pressure and the energy density, p = γρ, with γ constant, we have the solution for the energy density as a function of the scale factor of the FRW universe as:
where M γ is an integration constant. The corresponding Einstein field equations are
We now consider the gauge N = 1 and making some algebra we get the following master equation for the scale factor A:
Here we use a power law ansatz
with q and A 0 parameters to be determined in terms of the parameters of the models. Introducing this ansatz in Eq. (17) we obtain that
Thus, the scale factor A has the following well-known classical behaviour [3] :
Taking different values for the constant γ we have the following subcases:
However, for the case γ = −1, we will solve the Eq. (17), whose solution is exponential:
here, we consider the sign (+) in the exponential function, because we consider the inflationary behaviour. Using the line element for FRW, the density lagrangian for geometry has the following structure:
and the matter density lagrangian [4, 5] is:
In L matter we consider the comovil fluid (U k = 0), and the gauge N k = 0, obtaining
Finally, the total density lagrangian has the following form
Hamiltonian formulation
Following the well-known procedure for obtaining the canonical hamiltonian function, we define the canonical momentum conjugate to the generalized coordinate A (scale factor) as Π A ≡ ∂L/∂Ȧ:
or in its canonical form
where
when we perform the variation of this lagrangian (28) with respect to N,∂L/∂N = 0, implying H = 0.
The quantization procedure will be made in the usual way, considering the momentum as operators and taking representation for them, but it is possible to realize other type of quantization for this same model. For example, the supersymmetric quantum mechanics scheme [6] [7] [8] is
where Ψ(A) is the wave function of the FRW universe model. In this work we take = 1. With these assumptions, (29) is transformed into a non linear differential equation:
In Ref. 7 was shown that closed, radiation-filled FRW quantum universe for arbitrary factor ordering obey the Whittaker equation.
One important result yields at the level of WKB method, where we perform the transformation Π A → dΦ/dA, then (29) is transformed in the Einstein-Hamilton-Jacobi equation, where Φ is the superpotential function, that is related to the physical potential under consideration.
Introducing this ansatz in (29),
thus, the superpotential Φ has the following form:
where for whatever γ the integral has the solution 
where 2 F 1 is the hypergeometric function. However, we can solve the integral in (33) for particular cases of the γ parameter, that is:
• dust fluid: γ = 0
• inflation like case: γ = −1
• stiff fluid: γ = 1
These results will be used in the next section, to obtain the solution according to the supersymmetric quantum mechanics scheme.
Supersymmetric quantum solutions
In order to include the factor ordering problem, we substitute the following relation into (31), that corresponds to what Hartle and Hawking [9] called a semi-general factor ordering with the usual algebra for the Grassman numbers θ i θ j = −θ j θ i . The rules to integrate over these numbers are the following:
In our case, we have Ψ 1 = Ψ 2 = Ψ. So, when we integrate to the Grassmann numbers, employing also the relations (59) and (60), we obtain
where the¯ symbol means the complex operation. Using the expresions for the functions + and − given in (54) and (56), respectively, we arrive to the following expression for the probability density:
Thus, we are able to express Eq. (58) for our particular problem. As can be seen, we can infer that the contributions of the bosonic and fermionic sectors of the density probability are equal.
Conclusions
The main results in this work are to provide the methodology to find the general form for all contributions that ocurre in the expansion of the FRW wave function of the Universe with matter, within the approach of Witten's supersymmetric quantum mechanics. In addition, we find one criterion for fixing the parameter that measure the factor ordering of the operators. Besides, we find that the exact solutions for the empty (+) and filled (-) sector of the fermion Fock space are at the same time the lowest-order WKB approximations (Einstein-Hamilton-Jacobi equation). Finally, we find the general form of the probability density, Eq. (58), for the FRW case, including matter fields.
